Abstract. We prove a hyperplane inequality for the surface area
Introduction
A typical volume comparison problem asks whether inequalities
∀ξ ∈ S n−1 imply |K| ≤ |L| for any K, L from a certain class of origin-symmetric convex bodies in R n , where f K is a certain geometric characteristic of K. One can have in mind the example where f K (ξ) = |K ∩ ξ ⊥ | is the hyperplane section function.
In the case where the answer to a volume comparison problem is affirmative, one can also consider the following separation problem. Suppose that ε > 0 and
∀ξ ∈ S n−1 .
Does there exist a constant c not dependent on ε, K, L and such that for every ε > 0
In the case where the answer is affirmative, assuming that ε = min
we get a volume difference inequality:
1 Again, if f K converges to zero uniformly in ξ when K approaches the empty set, we get a hyperplane inequality:
A separation for the hyperplane projection function
was proved in [K6] . Here K|ξ ⊥ is the orthogonal projection of K to ξ ⊥ . In Section 2 we reprove this result with the best possible constant. Note that the proof in [K6] essentially provided the best possible constant, but along the way the constant was estimated, so the final formulation was not optimal. Then we apply the corresponding volume difference inequality to prove a hyperplane inequality for the surface area. We prove that for any projection body K in R n the surface area
The inequality is sharp, with equality when K = B n 2 is the Euclidean ball.
Main result
In this section we consider the hyperplane projection function
where K|ξ ⊥ is the orthogonal projection of K to the hyperplane ξ ⊥ . The corresponding volume comparison result is known as Shephard's problem, which was posed in 1964 in [Sh] and solved soon after that by Petty [Pe] and Schneider [S1] , independently. Suppose that K and L are origin-symmetric convex bodies in R n so that |K|ξ ⊥ | ≤ |L|ξ ⊥ | for every ξ ∈ S n−1 . Does it follow that |K| ≤ |L|? The answer is affirmative only in dimension 2. Both solutions use the fact that the answer to Shephard's problem is affirmative in every dimension under the additional assumption that L is a projection body; see definition below.
The separation result for projections was proved in [K6] . However, the constant c n was estimated from below by 1/ √ e, so we now formulate the result with the best possible constant. 
We need several more definitions and results from convex geometry. We refer the reader to [S2] and [KRZ] for details.
The support function of a convex body K in R n is defined by
If K is origin-symmetric, then h K is a norm on R n . The surface area measure S(K, ·) of a convex body K in R n is defined as follows: for every Borel set E ⊂ S n−1 , S(K, E) is equal to Lebesgue measure of the part of the boundary of K where normal vectors belong to E. We usually consider bodies with absolutely continuous surface area measures. A convex body K is said to have the curvature function
if its surface area measure S(K, ·) is absolutely continuous with respect to Lebesgue measure σ n−1 on S n−1 , and
By the approximation argument of [S2, Th. 3.3 .1], we may assume in the formulation of Shephard's problem that the bodies K and L are such that their support functions h K , h L are infinitely smooth functions on R n \ {0}. Using [K4, Lemma 3.16] we get in this case that the Fourier transforms h K , h L are the extensions of infinitely differentiable functions on the sphere to homogeneous distributions on R n of degree −n − 1. Moreover, by a similar approximation argument (see also [GZ, Section 5]), we may assume that our bodies have absolutely continuous surface area measures. Therefore, in the rest of this section, K and L are convex symmetric bodies with infinitely smooth support functions and absolutely continuous surface area measures.
The following version of Parseval's formula was proved in [KRZ] (see also [K4, Lemma 8.8] ):
The volume of a body can be expressed in terms of its support function and curvature function:
If K and L are two convex bodies in R n the mixed volume
We use the first Minkowski inequality (see [K4, p.23] 
The mixed volume can be expressed in terms of the support and curvature functions:
Let K be an origin-symmetric convex body in R n . The projection body ΠK of K is defined as an origin-symmetric convex body in R n whose support function in every direction is equal to the volume of the hyperplane projection of K to this direction, i.e. for every θ ∈ S n−1 ,
If L is the projection body of some convex body, we simply say that L is a projection body. The Minkowski (vector) sum of projection bodies is also a projection body; see for example [G3, p. 149 ].
Proof of Theorem 1. It was proved in [KRZ] that
where f K is extended from the sphere to a homogeneous function of degree −n − 1 on the whole R n , and the Fourier transform f K is the extension of a continuous function P K on the sphere to a homogeneous of degree 1 function on R n . Therefore, the condition (5) can be written as
It was also proved in [KRZ] that an infinitely smooth origin-symmetric convex body L in R n is a projection body if and only if h L ≤ 0 on the sphere S n−1 . Integrating (12) with respect to a negative density we get
Using this, (7) and (6), we get
We estimate the first summand from below using the first Minkowski inequality:
To estimate the second term in (13), note that, by (11), the Fourier transform of the curvature function of the Euclidean ball
Therefore, by Parseval's formula, (9) and the first Minkowski inequality,
Combining this with (13) and (14), we get the result. ✷ As explained in the Introduction, the separation result of Theorem 1 leads to a volume difference inequality of the type (3). Corollary 1. If L is a projection body in R n and K is an arbitrary origin-symmeric convex body in R n so that
Sending K to the empty set in (15), we get a hyperplane inequality of the type (4) which was earlier deduced directly from the affirmative part of Shephard's problem in [G3, Corollary 9.3.4] : if L is a projection body in R n , then
Recall that c n > 1/ √ e. For general symmetric convex bodies, c n can be replaced in (16) by c n /n (n−1)/2n (see [G3, Remark 9.3.5] ; note that with an extra factor (3/2) (n−1)/n in the left-hand side the estimate follows from a result of Ball [Ba2, p. 899] ). Moreover, Ball [Ba2, Theorem 5] proved that the constant of the order 1/ √ n is optimal for general symmetric convex bodies, namely there exists a constant δ > 0 such that for every n ∈ N there is an origin-symmetric convex body
The volume difference inequality (15) allows to prove a hyperplane inequality for the surface area of projection bodies.
Corollary 2. Let L be a projection body in R n , then the surface area
Proof : The surface area of L can be computed as
For every ε > 0 the Minkowski sum L + εB n 2 is also a projection body. The inequality (15) with the bodies L + εB n 2 and L in place of L and K implies
By the Minkowski theorem on mixed volumes ([S2, Theorem 5.1.6] or [G3, Theorem A.3 .1]),
where W i are quermassintegrals. The function ξ → L|ξ ⊥ is continuous from S n−1 to the class of origin-symmetric convex sets equiped with the Hausdorff metric, and W i 's are also continuous with respect to this metric (see [S2, p. 275] ), so the functions ξ → W i (L|ξ ⊥ ) are continuous and, hence, bounded on the sphere. This implies that the left-hand side of (17) converges to S(L|ξ ⊥ ) as ε → 0 uniformly with respect to ξ. The latter allows to switch the limit and maximum in the right-hand side of (??), as ε → 0. Sending ε to zero in (??), we get n − 1 n |L| −1/n S(L) ≥ c n min ξ∈S n−1 S(L|ξ ⊥ ).
✷
